INTRODUCTION
In this paper we consider a degenerate elliptic equation (1.1) where r is a real parameter, x = (x, ,..., x,,) is a real vector, x' is transpose of x. U is a real function. Equation ( 1.1) is elliptic inside and outside the unit sphere with a degenerate surface xx' = 1. We have studied the Dirichlet problem of this equation in [7] . Existence and uniqueness for the Dirichlet problems of (1.1) have been proved for the cases: T > 2, z < -2, -2 < z < 2. Solutions were constructed for these Dirichlet problems. Using the results of [7] , in this paper we consider several problems related to the Neumann condition and study existence and uniqueness of solutions for the cases r>2, z< -2, -2~2~2.
Because of the degenerate surface and the differing behavior of (1.1) in the three regions of r: T > 2, T < -2, -2 < T < 2, there are some ways in which these problems differ from the usual elliptic boundary value problems. They are:
(1) When the Neumann condition is given on the degenerate surface it differs from the usual Neumann condition.
(2) In case t > 2, when the domain D contains the degenerate surface C in its interior, additional conditions must be given on C. So in this case the number of the boundary conditions is greater than in the usual elliptic case.
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0022-247X/87 $3.00 (3) In the case of r < -2 and an annular domain D which either contains C or is bounded by C, it turns out that the prescription of the solution on only one of the annular boundaries or on C if Cc D is sufficient to unisuely determine the solution. So in this case the number of the boundary conditions is less than the usual elliptic case.
(4) In the case of -2 < T < 2 sometimes resembles the case of r > 2 and sometimes the case of T < -2.
This paper will consider in turn each of the cases t > 2, r < -2, and -2<2<2. From [7] we know that the series solution of Eq. (2.2) is (2.3) where the spherical continuous functions f, and g, satisfy the following condition:
F, q-.l Pp2'-"(uu')f,(u) ti + ... Iy2)--') (uu')g,(u) ti < 03, I II i LW' = I
[,{,' = , II (2.4) which is the condition for the convergence of the series (2.3) and where in this paper, is a constant, is the spherical element, is the Legendre polynomial,
where
and where in (2. 3) the function a(p) satisfies the equation
with a(l)=0 and do _ &' -P2P2 dpp (C constant) we easily obtain the following properties about a(p): (iii) A,(~)EC~ and B,(~)EC"+"'~" in a neighborhood of p= 1.
IN CASE T > 2
There are live cases which are discussed:
(1) Domain D is the unit ball (boundary is the degenerate surface).
(2) D is an annular domain bounded by two concentric spheres dD, and C, C is the degenerate surface.
The Dirichlet and Neumann problems are alternatively prescribed on lJD, and C, and the Neumann problem is prescribed on both c3D, and C.
(3) The domain D is a simple connected region whose interior includes the degenerate surface.
The Neumann condition is given on dD and the Dirichlet and Neumann conditions are alternatively investigated on C.
(4) The domain D is bounded by two concentric spheres 8D, and aD, while D contains in its interior the degenerate surface C. The Neumann and Dirichlet problems are separately prescribed on a varying combinations of aD,, aD,, and C.
(5) On the domain defined in (4) we study both Neumann and Dirichlet conditions on aD, and aD, when certain contiguous conditions are satisfied on C.
In this section we often use the following maximum principle for degenerate elliptic equations to prove uniqueness. It has been proved in Proqf: Existence. Suppose that the functions f, satisfy the convergence condition (2.4). It is clear that (3.3) satisfies Eq. (1.1). In addition it is obvious that (3.3) with (3.4), (3.5) (3.6) (3.7) satisfies the boundary condition (3, 2) . Then existence follows.
Uniqueness. It is easy to get uniqueness from Theorem A. From [7] we know that the domain of existence of the power series solution (2.3) is D,= {x=pu/O<p<&, uu'= l}.
(3.11)
In this section, we consider function U(p, U) in the annular domain D={x=pu/l~p~pl<~(orOip,~p~l),uu'=l} (3.12)
There are three cases discussed: The Dirichlet and Neumann problems are alternatively prescribed on 8D, and C, and the Neumann problem is prescribed on both I'D, and C.
The Dirichlet Problem is Prescribed on the Degenerate Surface C and Neumann Problem is Prescribed on aD,
In this case Neumann condition is same as in the usual elliptic equation.
THEOREM.
The nondegenerate Neumann problem
has a unique solution given by IxI 21+n-2 +c I= I n-2 B,(P)
B;(P,) ' (3.14) ,i,>' = I ProoJ: Substituting (3.14) into (3.13) we see that existence is obvious. The uniqueness proof is easy to get from Theorem A.
Remark. The reason why a'(pr ) and B;(p I ) in the denominators of Eq. (3.14) are not zero is to be found in the auxiliary theorem in [S] . This also holds for similar denominators that appear below. Proof: First, we substitute (3.15) into (2.3), then (2.3) into the above problem, thus existence is true. We only have to prove uniqueness. We then have to prove that for #= $ =d, =0 the only solution is the trivial solution. Otherwise there exists a nonconstant solution satisfying d = $ = d, = 0, and its nonzero maximum (or nonzero minimum) can only occur on the degenerate surface. Using the reasoning in the uniqueness proof of theorem 3.1. We know that U( 1, u) is constant and since d,, = 0, U( 1, u) = 0. Then using the maximum principle of degenerate elliptic equation we see that only solution to 4 = $ = d, = 0 is the trivial solution. 
The Dirichlet Problem is Prescribed on 8D, and Neumann Problems is
Proof: Existence is obvious. To prove uniqueness we again have to prove that for homogeneous boundary condtitions only the trivial solution exists. In fact from #(II) =d,=O using the reasoning in the uniqueness proof of Theorem 3.1 we obtain U( 1, U) = 0. Then using the same method as in the uniqueness proof of Theorem 3.2.1 we obtain uniqueness.
In Sections 3.1 and 3.2 the number of boundary value conditions is same as in the usual boundary value problem. whose interior contains the degenerate surface. Of special significance in this section is that for uniqueness in addition to the Neumann condition on the boundary we must give a condition on the interior degenerate surface. Uniqueness. Using the same reasoning as in the uniqueness proof of Theorem 3.2.1 from $ = C$ = 0 we obtain U(p, , u) = U( 1, u) = 0. Then using maximum principle of degenerate elliptic equation, we obtain uniqueness.
The Neumann Condition is Given on dD and the Dirichlet Condition is
Existence. Substituting (3.19) into above problem in the domain l<PbP,, we see that (3.19a) satisfies above problem in the domain 1 <p <p,. Substituting (3.19b) into above problem in the domain 0 < p < 1, we see that (3.19b) satisfies above problem in the domain 0 d p < 1. So to prove existence we have only to prove that the function U(p, u) has a second continuous derivative on the degenerate surface joining (3.19a) and (3.19b ). In fact from (2.9) and Section 2, Remark 2 we know that for r > 2 we have d24p 1 d2B,(p) dp2 =dp2 = 0. p = I p=l (3.20)
Thus we see that U(p, u) is twice continuously differentiable on the unit sphere. lb)
The proof of Corollary 3.3.2 follows from the proof of Theorem 3.3.1.
D an Annular Domain whose Interior Contains a Degenerate Surface
In this section we consider the domain D= {x=pu/O<p, dpdp,<&,uu'=l} (3.22) whose interior contains the degenerate surface p = 1. We will denote the inner boundary of D by 13D,(p =p, < 1) the outer boundary by aD, (p = p2 > 1) and the degenerate surface p = 1 by C. We consider four boundary value problems related to the Neumann condition. For all of these four problems one must give additional condition on the degenerate surface for uniqueness of solution. 
g,(u) = t-t(u) -A,(~z)f,(u)l/~,h).
ProoJ: Taking note of (3.28), the existence of the solution is obvious. Uniqueness follows from uniqueness proofs of theorem 3.2.2. and theorem 3.2.3. A,(p) Pj(Q-"(UV'). ProoJ Substituting (3.34) into the above Neumann problem existence is obvious. To prove uniqueness we only have to prove that U(p, U) satisfying the homogeneous problem is identically zero in D. In fact, substituting IJ = 0 and [ = 0 into (3.31) and computing with condition (3.33) we obtain also that 4 =O. Then the mixed Neumann-Dirichlet problem in Corollary 3.4.3 only has a trivial solution.
We immediately obtain uniqueness. Proof: Substituting (3.35) into the above problem existence is obvious. To prove uniqueness we only have to prove that U(p, U) satisfying the homogeneous problem is identically zero in D. In fact substituting $ = 0 and [=O into (3.32) and computing with condition (3.33) we obtain that also 4 = 0. Then the mixed Dirichlet-Neumann problem in Corollary 3.4.4 only has a trivial solution. We immediately obtain uniqueness.
From the results in Section 3 (i.e., in case z > 2), we see that because of the degenerate surface there are three ways in which these problems differ from the usual elliptic boundary value problems. They are (1) In the case where C is contained in the interior of D additional conditions must be given on C, otherwise there is no uniqueness.
(2) When the Neumann condition is given on the degenerate surface it differs from the usual Neumann condition.
(3) In the case where C is contained in the interior of D in addition to the usual boundary conditions certain contiguous condition must be given on C.
INCASET<--
In this section we need the following uniqueness theorem which has been proved in [7] . Proof(Existence). Substituting (4.4) into the above problem we see that existence is obvious. We only have to prove uniqueness.
Uniqueness. To prove uniqueness we only have to prove that U(p, u) satisfying the homogeneous problem is identically zero in D. In fact substituting 4 = 0, d,, = 0 into (4.5) of Theorem 10 in [7] , we obtainf= 0. This means that the boundary value problem of Theorem 10 in [7] is the homogeneous problem and therefore only the trivial solution exists. This then yields the uniqueness of our degenerate Neumann problem. Proof (Existence). Substituting (4.6) into the problem (4.5) we see that existence is obvious. We only have to prove uniqueness.
Uniqueness. Using the analogous reasoning in the uniqueness proof of Theorem 4.1.1 uniqueness follows. 4 So we see that because of the degenerate surface and z < -2 there are two ways in which these considered problems differ from the usual elliptic boundary value problem. They are (1) When the Neumann condition is given on the degenerate surface it differs from the usual Neumann condition.
(2) In case r < -2 the number of the boundary conditions is less than the usual elliptic boundary value problems.
IN CASE -2<2<2
For uniqueness we need the extension of Theorem B which also has been proved in [7] . Because of Theorem B' the proof of Theorem 5.1 is obvious. Because of Theorem A the proof of Theorem 5.2.1 is obvious.
The difference between the solutions in Theorem 3.1 and in Theorem 5.2.1 is that the former is a twice-continuously differentiable function and the latter boundary value problems of Eq. (1.1) resemble those of the case t < -2 (i.e., the number of the boundary conditions is less than in the usual elliptic case).
